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SUMMARY 

A  new  method  for  the  generation  of  Gleason's  spiral  bevel  gears  which 
provides  conjugated  gear  tooth  surfaces  and  an  Improved  bearing  contact  has 
been  developed.  A  computer  «Tded>program  for  the  simulation  of  meshing,  mis¬ 
alignment,  and  bearing  contact  has  been  developed. 

INTRODUCTION 

The  area  of  geometry  and  generation  of  spiral  bevel  gears  has  been  a  sub¬ 
ject  of  Intensive  research  for  many  authors.  Litvin  and  his  co-authors  have 
addressed  analysis  and  synthesis  of  spiral  bevel  gears  (refs.  1  to  5).  Com¬ 
puter  aided  simulations  of  tooth  meshing  and  contact  have  been  worked  out  by 
Litvin  and  Gutman  (refs.  6  and  7)  and  by  the  Gleason  works  (refs.  8  and  9). 

For  many  years,  the  Gleason  Works  has  provided  the  machinery  for  manufac¬ 
ture  of  spiral  bevel  gears  (ref.  10).  There  are  several  Important  advantages 
to  the  Gleason  methods  of  manufacture  over  hobblng  methods.  The  machines  are 
rigid  and  produce  gears  of  high  quality  and  consistency.  The  cutting  methods 
may  be  used  for  both  milling  and  grinding.  Grinding  Is  especially  Important 
for  producing  hardened  high  quality  aircraft  gears.  Both  milling  and  grinding 
are  possible  with  Gleason's  method.  The  velocity  of  the  rutting  wheel  does  not 
have  to  be  related  In  any  way  with  the  machine's  generating  motions.  A  d 1 s- 


advantage  Is  that  this  method  does  not  produce  conjugate  gear  tooth  surfaces. 
This  means  that  the  gear  ratio  Is  not  constant  during  the  tooth  engagement 
cycle,  and  therefore,  there  are  klnematlcal  errors  In  the  transformation  of 
rotation  from  the  driving  gear  to  the  driven  gear. 

The  kinematic  errors  In  spiral  bevel  gears  are  a  major  source  of  noise  and 
vibrations  In  transmissions.  Vibration  tests  on  a  helicopter  transmission  have 
been  conducted  by  the  NASA  Lewis  Research  Center  (ref.  11).  Figure  1  shows  the 
vibration  measured  by  placing  an  accelerometer  on  a  transmission  housing.  The 
bevel  gear  mesh  caused  the  most  noise  and  vibration.  By  comparison,  the  plane¬ 
tary  spur  gear  stage  was  relatively  quiet. 

Therefore,  the  objective  of  the  research  presented  herein  was  to  find  a 
way  to  eliminate  the  kinematic  errors  for  bevel  gears  and  to  Improve  the  condi¬ 
tions  of  lubrication  and  the  bearing  contact,  while  retaining  all  the  advanta¬ 
ges  of  the  Gleason  system  of  manufacturing  such  gears.  The  solution  to  this 
problem  Is  based  on  a  new  method  for  generation  of  conjugate  gear  tooth  sur¬ 
faces  which  Is  proposed  by  the  authors.  This  method  can  be  applied  using  the 
existing  Gleason  machines  and  tools  with  specially  calculated  machine  tool 
settings  determined  by  the  new  method.  The  new  method  for  generation  provides 
a  localized  bearing  contact  which  Is  typical  for  Gleason's  gears  and  Is  neces¬ 
sary  to  reduce  the  sensitivity  of  the  gear  tooth  surface  contact  to  misalign¬ 
ments  and  deflections  of  gear  shafts  under  operating  conditions.  In  the  past, 
a  computer-aided  tooth  contact  analysis  was  used  to  obtain  Improved  gear  con¬ 
tacts  and  kinematic  errors  by  using  a  trial  and  error  search  through  the  pos¬ 
sible  machine  tool  settings.  Settings  found  this  way  were  only  partially 
successful  at  reducing  kinematic  errors  because  the  gears  did  not  have 
conjugate  tooth  surfaces. 

The  new  method  for  determination  of  machine  tool  settings  does  not  need 
such  a  search  and  directly  provides  the  settings  for  the  generation  of  spiral 
bevel  gears  with  zero  klnematlcal  errors.  The  new  tooth  contact  analysis  com¬ 
puter  program  that  was  written  provides  the  Information  on  the  localized  tooth 
bearing  contact,  the  Influence  of  misalignment,  and  the  kinematic  errors. 

This  new  computer  program  was  used  to  verify  the  Improved  gear  machine 
settings . 
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parameters  of  pinion  and  gear  machine-tool  setting  (fig.  2), 
cm  (In.) 

unit  vectors  of  principal  pinion  and  gear  direction  (fig.  8) 

normal  curvature  cm-1  (In.-1) 

pinion  principal  curvatures,  cm-1  (In.-1) 

gear  principal  curvatures,  cm-1  (In.-1) 
main  contact  point  of  gear  (fig.  3) 

gear  ratio:  m12  ■ 

main  contact  point  of  pinion  (fig.  4) 

common  normal  to  surfaces  at  current  contact  point  (figs.  5  and  6) 

pinion  generator  tooth  surface  unit  normal 

unit  vector  normal  to  tooth  surface  (1  »  1,2)  expressed  In 
coordinate  frame  Sf 

current  contact  point  (figs.  5  and  6) 

parameters  of  pinion  and  gear  machine-tool  settings  (fig.  2), 
radians 


theoretical  radius  of  the  generating  surface  measured  In  plane 
xO)  -0(1  =1,2)  (fig.  2),  cm  (In.) 

position  vector  for  a  contact  point  on  tooth  surface  (1  -  1,2), 
expressed  In  coordinate  frame  Sf,  cm  (In.) 

generating  cones  surface  coordinates  (fig.  2) 

surface  Xp  contact  point  velocity,  cm/sec  (In. /sec) 


surface  Xi  contact  point  velocity,  cm/sec  (In. /sec)  - 
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major  and  minor  axes  of  contact  ellipse  (fig.  8),  mm  (In.)  TAB 

:mced 

orientation  angle  of  contact  ellipse  (fig.  8),  rad 
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pinion,  gear  spiral  bevel  angle,  deg 
pinion,  gear  pitch  angle,  deg 
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machine-tool  setting  corrections  (fig.  4),  mm  (In.) 
pinion,  gear  dedendum  angle,  deg 

rotation  of  frame  relative  to  frame  Sf  about  axis  Z-| , 
rad 

surface  elastic  approach,  mm  (In.) 
generating  cones  surface  coordinates  (fig.  2),  rad 
pinion  and  gear  tooth  surfaces 
generating  surfaces  for  pinion  and  gear 
angle  formed  by  unit  vectors  ij2)  and  (fig.  8),  rad 

generating  surfaces  rotation  angles  (fig.  2),  rad 
pinion,  gear  rotation  angle,  rad 

head  cutters  blade  angles  for  pinion  and  gear  (fig.  2),  deg 
cradle  angular  velocities  for  cutting  the  pinion  and  gear,  rad/sec 
pinion  and  gear  angular  velocities,  rad/sec 
Subscript,  superscripts: 
c  cradle 

F  pinion  generator 

m  machine 

P  gear  generator 

s  surface  of  generator 

1  pinion 

2  gear 
Cartesian  coordinate  frames: 

S<J)  connected  to  cradle  J  =  F,P 

Sf  fixed  to  frame  of  gearbox,  used  for  mesh  of  Ii  and  I2 

Sf,  fixed  to  machine,  used  for  mesh  of  Ip  and  I] 

si1)  connected  to  machine  frame  1  *  1,2 

111 

sj^  connected  to  tool  cone  J  =  F,P 

connected  to  pinion,  gear 
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MANUFACTURING  METHOD 


The  existing  method  for  generation  of  Gleason's  spiral  bevel  gears  may  be 
described  as  follows.  The  gear  cutter  cuts  a  single  space  during  a  single 
Index  cycle.  The  gear  cutter  Is  mounted  to  the  cradle  of  the  cutting  machine. 
The  machine  cradle  with  the  cutter  may  be  Imagined  as  a  crown  gear  that  meshes 
with  the  gear  being  cut.  The  cradle  with  the  mounted  head  cutter  rotates 
slowly  about  Its  axis,  as  does  the  gear  which  Is  being  cut.  The  combined 
process  generates  the  gear  tooth  surface.  The  cradle  only  rotates  far  enough 
so  that  one  space  Is  cut  out  and  then  It  rapidly  reverses  while  the  workpiece 
Is  withdrawn  from  the  cutter  and  Indexed  ahead  In  preparation  for  cutting  the 
next  tooth.  The  desired  cutter  velocity  Is  provided  while  the  cutter  spins 
about  Its  axis  which  Itself  moves  In  a  circular  path. 

Generating  surfaces,  J  and  £p,  are  used  for  the  generation  of  the 
pinion  tooth  surface,  ^ ,  and  the  gear  tooth  surface,  X2,  respectively.  The 
generating  surfaces,  £p  and  £p,  are  cones  with  slightly  different  dimen¬ 
sions  to  localize  the  bearing  contact.  Usually  both  sides  of  the  gear  tooth 
are  cut  simultaneously  (duplex  method)  but  both  sides  of  the  pinion  tooth  are 
cut  separately.  In  the  process  of  meshing,  surfaces  and  £j.  and  respec¬ 

tively  surfaces  £p  and  £2,  contact  each  other  at  every  Instant  at  a  line 
(contact  line)  which  Is  a  spatial  curve.  The  shape  of  the  contact  line  and  Its 
location  on  the  contacting  surfaces  Is  changed  In  the  process  of  meshing.  The 
generated  pinion  and  gear  tooth  surfaces  are  In  contact  at  a  point  (contact 
point)  at  every  Instant. 

Figure  2  shows  the  cone-surface  which  Is  the  generating  tool  surface.  We 

consider  two  coordinate  systems  rigidly  connected  to  the  cradle:  (1)  In 

/ 1  \  s 

which  we  represent  the  cone  surface  and  (2)  which  Is  rigidly  connected 

to  s[»  and  rotates  about  the  x£^  -  axis  of  the  fixed  coordinate  systems 

m  s  m 

'(J  =  F,P;  1  *  1,2).  The  cradle  with  the  cone  surface  represents  the 
generating  gear  which  Is  In  mesh  with  the  pinion  (gear)  In  the  process  of 
cutting.  The  cone  surface  represents  the  tooth  surface  of  the  Imaginary  gen¬ 
erating  gear. 

The  generating  surfaces  are  represented  In  S^(J  =  F,P)  by  the 
following  equations: 


cot  V'' 


Uj  COS  Vc' 


=  Uj  sin  sin  ( 6j  +  q^)  +  bj  sin  qj 

=  Uj  sin  cos  ( 6j  +  q^)  +  bj  cos  q^ 

(J  =  F.P) 


Here:  u,,  e.  are  the  generating  surface  coordinates;  b,  and  q. 

j  J  /  4  \  J  J 

are  the  parameters  of  machine-tool  settings;  r'J/  Is  the  head-cutter  radius 

( 1 1  c 

which  Is  measured  In  plane  x^  '  =  0;  and  the  upper  and  lower  signs  for  q^ 

In  equations  (1)  are  given  for  the  left-hand  and  right-hand  spiral  gears, 
respectively. 

We  consider  the  generation  of  the  gear  (member  2)  and  the  pinion 
(member  1)  separately;  first  the  gear,  then  the  pinion.  Considering  the  gen¬ 
eration  of  the  gear  (fig.  3),  we  use  the  following  coordinate  systems: 

(1)  s£P),  a  movable  coordinate  system,  which  Is  rigidly  connected  to  the 
generating  gear  (to  the  cradle  with  the  generating  surface  Xp)  and  (2)  a 
fixed  coordinate  system  S ^  which  Is  rigidly  connected  to  the  frame  of  the 
cutting  machine,  and  the  coordinate  system  S2  which  Is  rigidly  connected  to 

gear  2.  The  location  of  coordinate  s[P)  with  respect  to  sj;P)  Is  determined 

s  c  ( PI 

by  qp  and  bp,  (fig.  2).  <pp  represents  the  cradle  rotation,  r^  Is  the 
radius  of  the  head  cutter  circle,  and  Bp  Is  the  root  cone  spiral  angle. 

The  cradle  of  the  cutting  machine  carries  the  head-cutter  (fig.  3).  The 


cradle  rotates  about  the 


(21  (P) 

x'  '  coordinate  axis  with  angular  velocity  u 
m  ~ 


while  the  gear  being  generated  rotates  about  Its  axis  Z2  with  angular 

velocity  «^ .  The  angular  velocities  of  cradle  and  gear  are  related  by  ratio 

m_D  =  u^^/u^K  Axis  x<2)  Is  perpendicular  to  the  gear  root  cone  fig.  3). 
dr  (2)m 

Thus,  axes  z?  and  z^  ’  make  the  angle  y2  -  &2,  where  y2  Is  the  pitch 
angle  and  Li  Is  the  gear  dedendum  angle. 

An  auxiliary  fixed  coordinate  system  Is  rigidly  connected  to  the 
housing  of  the  gear  train.  We  will  consider  the  meshing  of  gears  1  and  2  In 
system  Sf. 

Similarly,  considering  the  pinion  generation,  we  use  the  coordinate 


systems  s[p) 


(fig.  2),  si1) 


and  S,  (fig.  4).  We  designate 


Sh  to  be  an  auxiliary  fixed  coordinate  system,  where  we  consider  the  mesh  of  sur¬ 
faces  I.  and  X,  •  Coordinate  systems  S.  and  S,  are  related  by 
Fi  h  t 

having  a  common  origin  and  a  small  relative  angular  displacement,  6. 

Unlike  for  the  generation  of  gear  2,  the  axes  of  rotation  x^  and 

z.|  do  not  Intersect  each  other;  rather  they  cross,  and  and  are  the 

sough t-for  corrections  of  the  machine-tool  settings  with  which  the  meshing  of 

gears  1  and  2  Is  to  be  Improved.  In  addition,  two  other  parameters  must  be 

determined.  They  are  the  blade  angle  and  a  turning  angle  A  which 

determines  the  orientation  of  coordinate  frame  S.  with  respect  to  S,.  This 

n  r 

turning  Is  performed  about  the  pinion  axis,  z^ ,  when  the  gear  and  pinion  will 
have  been  placed  In  mesh  and  with  the  origins  0^  and  Of  being  coincident. 

THE  NEW  GENERATION  METHOD 

Figure  5  shows  plane  n  which  Is  defined  by  the  normal  to  the  tool  cone 
surface  at  the  main  contact  point  P  and  the  pitch  line  which  Is  the  line  of 
tangency  of  the  pitch  cones.  The  pitch  line  Is  the  Instantaneous  axis  of  rota¬ 
tion  of  the  bevel  gears. 

Let  us  consider  the  meshing  of  surfaces  Xp.  Xp.  X1 .  and  X?  In  plane 
n  (fig.  6).  Plane  n  Intersects  the  gear  and  pinion  generating  surfaces  (tool 

cones),  Xp  and  Xp.  forming  curves  Lp  and  Lp,  respectively.  Each  tool  cone 

axis  Is  perpendicular  to  Its  generated  gear  root  cone  and  the  axes  of  the  tool 
cones  are  crossed  ( 1 . e . ,  nonparallel  and  nonintersecting).  Surfaces  Xp 
and  Xp  are  tangent  at  point  P.  However,  they  Interfere  with  each  other 
within  the  neighborhood  of  point  P  because  the  tool  cone  axes  are  crossed. 

Points  C  and  A,  respectively,  represent  the  Intersection  of  the  gear  and 
pinion  generating  tool  cone  axes  with  plane  n.  For  each  tool  cone,  every 
surface  normal  passes  through  the  cone  axis.  Therefore  the  common  normals  to 
surfaces  Xp  and  Xp.  which,  by  definition,  lie  In  plane  n,  must  pass  through 
points  C  and  A,  respectively.  Plane  n  Intersects  the  cradle  axis  of  the 
gear  cutting  machine  at  point  0.  Likewise,  the  cradle  axis  of  the  pinion 
Intersects  plane  n  at  0.  During  the  processes  of  meshing,  the  point  of 

contact,  P,  shall  be  constrained  to  move  In  plane  n  as  the  cradles  are  rotated 

about  their  axes.  The  equation  of  meshing  for  the  generating  surfaces  Xp 
and  Xf  1s  as  follows  (refs.  1  and  2) 


7 


(P)  (F) 

>  -  V 


)  .  N  .  |(jf>  -  S‘F>)  x  r< 


where  and  are  the  velocities  of  the  common  point  P  of  the 

surfaces  £p  and  £p;  and  are  the  angular  velocities  of  rotation 

for  the  cradles;  N  Is  the  common  normal  to  the  tool  cone  surfaces;  and 
jr(M)  .  OP. 

Assume  that  the  sought  for  machine  tool  corrections,  AE^  and  AL^ 

(fig.  4)  will  provide  that  00  Is  parallel  to  N  at  the  starting  position  of 
the  tool  cones.  Then  equation  (2)  can  be  simplified  to  the  following: 


[(2<P>  -  h<F>)  »  r<H)]  •  N  .  0 


If  we  Interpret  equation  (3)  geometrically.  It  requires  that  vectors  (w'  '  - 
^(F)),  and  N  have  to  lie  In  the  same  plane,  which  In  this  case  Is 

~  ~  ~  /  u\ 

plane  n.  In  equation  (3),  rv  '  Is  as  yet  unknown,  so  we  may  substitute 
another  vector  which  lies  In  plane  n,  namely  a,  which  Is  the  unit  vector 
directed  along  the  pitch  line.  (The  pitch  line  Is  the  line  of  tangency  between 
the  pitch  cones  of  the  gear  and  pinion.)  Then  the  equation  of  meshing  may  be 
written  as  follows 


[G<p)  -  »(F)) 


Using  the  same  approach,  the  equation  for  meshing  between  the  surfaces  ^ 
and  E?  Is 

[(,<’>  -  x  aj.  N  =  0  (5; 

Likewise,  for  surfaces  and  ^ 

[(s(f)  -  »(,))  *  •]•  S  ■  o  <*: 

Because  the  three  pairs  of  surfaces  (£p  and  ^  and  and  Xp  and 

J  )  are  In  mesh  at  point  P,  then  It  must  also  be  true  that  all  surfaces  ^ , 

X?.  Ip*  Ip  are  1n  mesl1  a*  Point  P. 

Of  course  since  a  Is  In  the  direction  of  the  pitch  line,  and  since,  by 
definition,  the  pitch  line  Is  the  Instantaneous  axis  of  relative  rotation 
between  the  pitch  cones  of  the  pinion  and  gear,  J' 1 ^  then  equation  (5) 


8 


Is  directly  satisfied.  Another  way  to  understand  that  equation  (5)  Is  satis¬ 
fied  Is  as  follows.  Meshing  contact  of  ^  and  at  P  Is  guaranteed 
since  the  normal  IN  Intersects  the  pitch  line.  This  condition  exactly  satis¬ 
fies  the  fundamental  law  of  toothed  gearing.  Therefore  ^  and  I2  are  In 
mesh  at  P,  and  furthermore  there  will  be  conjugate  action  between  the  pinion 
and  gear  (l.e.,  constancy  of  gear  ratio). 

Let  us  remember  that  equations  (4)  and  (6)  are  valid  In  the  process  of 
meshing  of  the  surfaces  £p,  ^ ,  and  only  If  the  normal  £  remains 

parallel  to  00.  Thus  the  new  method  of  generation  must  provide  that  as  £ 
translates  (or  equivalently  as  CA  translates)  It  must  remain  parallel  to  00. 
Next,  let  us  consider  how  we  can  accomplish  such  a  motion  for  link  CA,  Imagin¬ 
ing  that  OCAD  Is  a  mechanism. 

Figure  7(a)  shows  a  well-known  case  where  the  parallel  motion  of  a 
straight  line  can  be  provided  just  by  an  ordinary  parallelogram.  Figure  7(b) 
shows  that  a  parallel  motion  of  a  straight  line  may  be  performed  by  two  equal 
ellipses  having  the  same  orientation.  A  more  general  case  Is  shown  In 
figure  7(c).  We  have  found  that  a  parallel  motion  for  link  CA  may  be  per¬ 
formed  by  two  mating  ellipses  of  different  dimensions  and  orientation.  The 
relations  between  the  mating  ellipses  Is  the  basis  for  the  determination  of 
machine-tool  settings  for  generation  of  conjugate  tooth  surfaces  for  spiral 
bevel  gears.  The  mating  ellipses  are  traced  out  by  points  C  and  A  when  the 
cradles  are  rotated  about  their  axes  which  pass  through  0  and  D, 
respectively. 

TOOTH  CONTACT  ANALYSIS 
Kinematic  Errors 

A  Tooth  Contact  Analysis  Computer  program  was  developed  to  provide  num¬ 
erical  results  that  check  the  theory  that  was  derived  to  minimize  the  kinematic 
errors.  The  TCA  program  calculates  tooth  bearing  contact,  contact  path,  and 
kinematic  errors  as  a  result  of  the  Input,  which  Includes  the  machine  settings 
and  any  misalignments.  The  program  Is  based  on  the  following  principle.  At 
the  Instantaneous  contact  point  between  the  meshing  teeth,  the  position  vectors 
must  agree,  the  equations  for  meshing  between  generator  and  generated  gear 
must  be  obeyed,  and  the  surface  normals  must  agree.  The  following  equations 
represent  these  principles. 


Zf  (uF,eF,<pf ,<p‘ )  =  rp  '(up,ep,<pp,<p‘ ) 


(7) 


VVW  =  0 


fp(up'ep.<Pp)  =  o 


n[^(eF,<pF,<p.j )  =  Hf^CQp.Vp.vp 


(8) 

(9) 

(10) 


Here,  (p.j  and  <p^  are  the  an9les  of  rotation  of  gears  1  and  2,  respectively, 
when  they  are  In  mesh;  <p^  and  ipp  are  the  angles  of  rotation  of  the 
generating  gears. 

The  equations  of  meshing  (eqs.  (8)  and  (9))  are  linear  In  uF  and  up 
respectively.  Eliminating  uF  and  Up,  we  may  represent  equations  (7)  to  (9) 
as  follows: 


JCf 1 } ( ©F . <pf , <#>-j )  =  rF2)(ep,<pp,<pp  (11) 

Equations  (10)  and  (11),  considered  simultaneously,  express  that  when  surfaces 
X-j  and  are  In  mesh,  they  have  a  common  point  and  a  common  normal,  and 

that  such  a  point  Is  the  contacting  point  of  the  gear  tooth  surface.  Since 
equations  (10)  and  (11)  are  vector  equations,  there  Is  a  total  of  six  scalar 
equations.  Because  the  surface  normal  vectors  are  unit  vectors,  there  are  only 
five  Independent  scalar  equations  In  six  unknowns.  Fixing  one  of  the  six 
unknowns  In  these  equations  (say  ) ,  we  may  solve  the  system  for  the  other 
parameters  as  functions  of  9p .  This  may  be  represented  as  follows: 

ep(°f)>  *pf  ( eF ) .  Vp(ep) 

<P^(0p).  <Pp(0F) 

The  equations  are  solved  using  a  nonlinear  equation  solver  which  Is  based 
on  an  Iterative  scheme.  The  kinematic  error  Is  determined  simply  by  comparing 
the  rotations  <pj  and  . 


Bearing  Contact 

The  determination  of  the  dimensions  and  orientation  of  the  contacting 
ellipse  at  the  contacting  point  Is  based  on  the  method  developed  by  Litvin 
(refs.  1,  2,  and  12).  The  method  starts  with  the  equation  for  the  normal 
curvature  which  comes  from  differential  geometry  theory. 


rt  •  v 


where  K  Is  the  normal  curvature,  v  Is  the  velocity  of  the  contact  point 
n  ~ 

In  motion  along  the  surface  and  rt  Is  the  velocity  of  the  tip  of  the  surface 
unit  normal,  n,  which  changes  Its  direction  while  the  point  moves  over  the 
surface. 


The  method  of  finding  the  contact  ellipse  Is  further  developed  by  the 
following  considerations  In  solving  a  characteristic  value  (eigenvalue) 
problem.  The  maximum  and  minimum  values  of  curvatures  are  the  "principal" 
values  of  curvature  and  the  principal  directions  are  the  corresponding  direc¬ 
tions  of  the  unit  vectors  that  are  tangent  to  the  line  of  Intersection  formed 
by  the  normal  plane  and  the  surface  whose  curvature  Is  sought.  The  method  Is 
to  determine  the  principal  curvatures  and  directions  of  surfaces  X-|  and  Xp 
In  terms  of  the  principal  curvatures  and  directions  of  the  generating  surfaces 
and  X  Then  the  relations  between  the  principal  curvatures  and  direction 
of  the  contacting  surfaces  are  used  to  determine  the  contact  ellipse  of  the 
elastically  deformed  tooth  surfaces. 

Consider  that  the  principal  curvatures  and  directions  for  the  contacting 
surfaces  are  determined  and  P  (fig.  8)  Is  the  point  of  contact  of  gear  tooth 
surfaces  and  the  unit  vectors  1^  and  li1^  represent  principal  directions 

M)  ~1  M) 

I  on  gear  tooth  surfaces,  Xi  and  X5-  Principal  direction  II  Is 

1  M)  ‘  (21  (11 

perpendicular  to  the  unit  vector  1_j  *0  =  1»2).  Unit  vectors  Xj  '  and  Ij 
lie  In  the  tangent  plane  to  surfaces  X^  and  I-|  which  Is  drawn  through  the 

( 21 ) 

1 nstantaneous  contact  point  P.  Angle  a  which  Is  formed  by  unit  vectors 
ij^  and  Xj  ^  Is  kr>own  since  the  principal  directions  for  the  mating 
surfaces  have  already  been  determined. 


Axes  2a  and  2b  of  the  contact  ellipse  represent  Its  dimensions  and  angle 

(2) 

a  its  orientation  with  respect  to  Xj  •  Angle  a  Is  measured  counter- 

( 2 ) 

clockwise  from  the  n  axis  to  Xj  •  We  may  determine  a,  b,  and  a  using  the 
following  equations  (12): 


A 


(2) 


C 


-  29^  cos 


2a 


(21) 


1 1 


■i[‘‘ 


1)  _  r(2)  + 


-  29^2  cos  2a 


n >  *  g|)’/2] 


-  (if  l)  ‘  -  (Irl) 


where 


tan  2a 


g2  sin  2o' 
g]  -  g2  cos  a( 


K(1)  ,(D  .  K(1) 

c  =  *1  f  *11  * 


,0)  „<1> 


(1  =  1.2) 


6^  Is  the  approach  of  the  elastic  surfaces  under  the  load.  The  bearing 
contact  Is  simply  the  envelope  of  the  set  of  contact  ellipses  for  the  entire 
meshing  cycle  of  the  mating  teeth.  The  new  generating  process  lets  the  contact 
ellipse  move  lengthwise  along  the  tooth,  with  the  major  axis  of  the  contact 
ellipse  being  generally  transverse  to  the  contact  path.  This  Is  the  best 
motion  to  encourage  good  development  of  a  lubrication  film. 

NUMERICAL  EXAMPLE 


Figure  9  shows  the  bearing  contact  on  the  convex  side  of  the  gear  tooth 
In  a  set  of  bevel  gears  with  the  following  parameters: 


tooth  numbers  =  10  N?  =  41 

(P) 

gear  pressure  angle  ^  *  20° 

diametral  pitch  =  141.2  mm  (5.559  In.) 

mean  cone  pitch  distance  O.N  *  81.94  mm  (3.226  In.) 

h 

pinion  cutter  radius  r^  =  76.1  75  mm  (2.999  In.) 

(P) 

gear  cutter-radius  r^  =  73.15  mm  (2.88  In.) 

AE1  =  -1 .27  mm  (-0.0499  In.) 
AL]  =  -0.93  mm  (-0.0368  In.) 
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The  contact  ellipse  moves  along  the  surface  In  the  process  of  meshing.  The 
kinematic  error  Is  zero  over  the  whole  mesh  cycle  If  the  pinion  cutter  blade 

angle,  =  16.969°  and  6  =  -0.274°.  However  this  blade  angle  Is  not 

c  (FI 

practical.  Choosing  the  nearest  blade  angle  '  =  17°  requires  also  that 

4  =  -0.314°  and  hence,  results  In  nonzero  kinematic  errors,  but  they  are  still 

very  small.  For  this  example,  they  are  less  than  0.02  arc  sec.  For  gears 

made  without  the  special  machine  settings,  the  kinematic  errors  are  In  the 

range  from  20  to  90  arc  seconds. 

SUMMARY  OF  RESULTS 

Spiral  bevel  gear  geometry  was  Investigated  using  the  standard  laws  of 
kinematics  for  spatial  gearing,  as  well  as  Important  results  from  the  differ¬ 
ential  geometry  field.  The  object  was  to  eliminate  kinematic  errors  In  the 
motion  transmission  because  such  errors  are  a  major  source  of  noise  and  vibra¬ 
tion.  A  computer  program  was  created  that  simulates  the  cutting  and  meshing 
processes  for  the  pinion  and  gear.  The  computer  program  yielded  the  tooth 
geometry,  contact  path,  kinematic  error,  and  contact  ellipse  between  the  mating 
gear  teeth. 

The  fol lowing  results  were  obtained. 

1.  A  new  method  for  generation  of  spiral  bevel  gears  with  zero  klnematlcal 
error  was  developed.  Gleason  gear  generating  equipment  may  be  used.  Practical 
considerations  of  using  standard  blade  angles  give  nonzero  but  still  very  small 
kinematic  errors. 

2.  The  new  generation  method  was  confirmed  by  calculations  run  on  a 
digital  computer  program  for  tooth  contact  analysis. 

3.  The  generation  process  takes  place  under  the  requirement  of  a  constant 
direction  for  the  contact  normal  during  the  process  of  meshing.  The  process 
may  be  Imagined  as  If  the  tooth  surface  normal  Is  carried  by  two  mating 
ellipses. 

4.  The  new  process  provides  that  the  contact  ellipse  moves  lengthwise 
along  the  tooth  In  the  most  advantageous  way  for  good  lubrication. 
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Figure  5.  -  Definition  of  plane  it. 


Figure  6.  -  Meshing  in  plane  n. 
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Figure  8.  -  Contact  ellipse  end  prtnclpel 
directions. 


Figure  9.  -  Contact  pattern  -  the  envelope  ot  contact  ellipses. 
^,<_PI .  2cP;  gi<f'  •  17°;  convex  side  ot  tooth. 
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